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Abstract:We present the derivation of conserved tensors associated to higher-order sym-
metries in the higher derivative Maxwell Abelian gauge field theories. In our model, the
wave operator of the higher derived theory is a n-th order polynomial expressed in terms
of the usual Maxwell operator. Any symmetry of the primary wave operator gives rise to
a collection of independent higher-order symmetries of the field equations which thus leads
to a series of independent conserved quantities of derived system. In particular, by the ex-
tension of Noether’s theorem, the spacetime translation invariance of the Maxwell primary
operator results in the series of conserved second-rank tensors which includes the standard
canonical energy-momentum tensors. Although this canonical energy is unbounded from
below, by introducing a set of parameters, the other conserved tensors in the series can be
bounded which ensure the stability of the higher derivative dynamics. In addition, with the
aid of auxiliary fields, we successfully obtain the relations between the roots decomposition
of characteristic polynomial of the wave operator and the conserved energy-momentum ten-
sors within the context of another equivalent lower-order representation. Under the certain
conditions, the 00-component of the linear combination of these conserved quantities is
bounded and by this reason, the original derived theory is considered stable. Finally, as an
instructive example, we discuss the third-order derived system and analyze extensively the
stabilities in different cases of roots decomposition.
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1 Introduction
The research of higher-order derivative systems dates back to the nineteenth century in
Ostrogradsky’s pioneering work [1] and is still actively studied nowadays such as in the
areas of effective low energy theories, astrophysical and cosmological behaviors and the
modified gravities [2–9]. This promising approach was first introduced in field theories to
get rid of the infinities associated to point particles [10–12] and later, Pais and Uhlenbeck
proposed a class of classical higher derivative harmonic oscillators [13]. In these examples,
the Lagrangian containing higher derivative terms was been very attractive due to its nice
ultraviolet behaviour and will result in a renormalizable quantum field theory [14]. How-
ever, such Lagrangians yield higher-order equations of motion, which require more initial
conditions than in usual dynamical systems and a standard framework for dealing with
these theories on Hamiltonian level is provided by Ostrogradski canonical approach [15–
18]. Unfortunately, the Hamiltonian functions obtained in such a way contain terms linear
in momenta and are almost always unbounded from below. Therefore with the presence of
higher derivatives, the systems turn out to be unstable [19–21] and moreover, the existence
of unbounded kinetic terms inevitably lead to runaway solutions if interactions are turned
on.
In order to circumvent these problems in a physical allowed sector, various motivations
and techniques have been put forward to avoid the Ostrogradsky ghosts in different higher
derivative models [22–30]. For instance, at least in the Pais-Uhlenbeck’s harmonic oscillator
which is served as a toy model to understand several important issues related to Ostrograd-
sky instabilities, Raidal and Veermae advised that for the purpose of the energy spectrum
of the theory be bounded, the ghost degrees of freedom should be necessarily complex [31].
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In this sense, the resulting complex system can be consistently quantized using the rules of
canonical quantisation which possesses all good properties of the known quantum physics
including the positive definite Hamiltonian. In the usual Lee-Wick theories, from the view-
point of polynomials with complex conjugate poles, it is possible to construct a unitary
S-matrix of gravitational excitations to remove the negative effects of the ghosts [32, 33].
On the other hand, in contrast to the classical systems, quantizing the higher derivative
dynamics imposes even more constraints. It is thought that higher-order theories would
possess propagators having poles with non-positive residues which lead to the appearance of
ghost states. At the quantum level, these ghost states have non-positive norms and due to
this, they will violate the causality and spoil the unitarity evolution of the quantum theory
which is unacceptable physically. By introducing form-factors with an analytic dependence
on the propagating momenta [34], we are able to avoid the unphysical ghosts and this
method will preserve all fundamental properties of a quantum field theory. Furthermore, in
the non-Hermitian, PT -symmetric model, i.e., symmetric under combined parity reflection
and time reversal, it is essential to modify the dynamical inner product instead of using the
standard Dirac inner product [35–38]. In this manner, we explicitly obtain the self-adjoint
Hamiltonian and its ghost state is reinterpreted as an ordinary quantum state with positive
PT norm which gives rise to the standard probabilistic interpretation.
In the [39], a special class of linear higher derivative systems is discussed as an al-
ternative approach to the problem of Ostrogradsky instability. To be more precise, the
operators of the dynamic equations in these theories are supposed to be factorable in terms
of a pair of different second-order operators satisfying some certain conditions. In this way,
with the help of auxiliary fields, it is possible to establish two equivalent systems which
may be thought of as two different representations of the same theory. Then the Noether’s
theorem tells us that if the action functional is preserved under the spacetime translations,
the system is equipped with canonical energy-momentum tensors and the 00-component is
of particular importance since it has the sense of energy density and will lead to the energy
conservation law. Especially, for the models of factorable type, applying the Noether’s the-
orem, we are capable of acquiring two family of integrals of motion which may be either
bounded or unbounded depending on the specific values of parameters. As is explained
in [39], the stability of the higher derivative system can be ensured if the 00-component in
this family is positive definite even if the Noether’s canonical energy is unbounded. So far,
the efforts of this approach have been focused mostly on various known factorable models
such as Pais-Uhlenbeck’s harmonic oscillators, higher derivative scalar fields and Podolsky’s
generalized electrodynamics.
After that, a more general and systematic method was carried out as a guide to in-
vestigate the stabilities in a wide class of higher derivative systems named derived type
theories [40–44]. Generally speaking, these derived theories are based on simpler free pri-
mary models whose equations of motion only involve first and second order differential
operators without higher derivatives. In this setting, the wave operator which determines
the dynamic equations of the higher derivative systems is a polynomial in terms of the
primary wave operator in the lower-order free theory. Then, every symmetry of primary
theory enables us to construct n-parametric series of symmetries of the derived theory if the
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order of the characteristic polynomial of the wave operator is n. More importantly, these
symmetries are connected to n independent conserved quantities from the perspective of
more general correspondence between symmetries and conservation laws which is estab-
lished by the Noether’s theorem as well as the Lagrange anchor [45, 46]. Especially, when
the primary wave operator commutes with the spacetime translation generators, the derived
theories have n-parametric series of conserved second-rank tensors (Tk)νµ, k = 0, 1, ..., n− 1
and in particular, the k = 0 term corresponds to the usual canonical energy (T0)00 of the
higher derivative systems. Now although the canonical energy is unbounded due to the
nature of higher derivatives, the linear combination of these tensors (Tk)νµ may give rise
to bounded conserved charge which will stabilize the classical dynamics of derived model
at free level, which also persists at quantum level. Moreover, as demonstrated at length
in [40, 41], when these conserved tensors are bounded in the free theory, the inclusion
of consistent interactions will not spoil the stability of the coupling systems, at least at
perturbative level.
The paper is organized as follows. In section 2, we start by describing the Lagrangians
for the higher derivative Maxwell gauge field theories by means of general wave operators.
Subsequently, we give a detailed derivation of series of second-rank conserved tensors from
the higher-order symmetries and investigate the issue of the stability in this derived system.
In section 3, according to the different root decompositions of the characteristic polynomials,
we set up the formulae of the conserved tensors associated with real and complex roots with
the aid of auxiliary fields. Then as an application, section 4 is devoted to the full analysis
of the stabilities in the third-order derived system. The final section of this paper includes
some concluding remarks and discussions.
2 Higher derivative Abelian gauge theory
2.1 Conserved tensors
Let us start with the Lagrangian density of usual Maxwell electromagnetic theory which is
described by the gauge fields Aµ in (1+3)-dimensional spacetime as follows
S = −1
4
∫
FµνFµνd
4x (2.1)
here the metric is gµν = diag(1,−1,−1,−1) which can be used to rise and lower the multi-
indices. The dynamic equations of motion of (2.1) are simply present as
∂µF
µν = 0 (2.2)
if we set
Wµν = δµν− ∂ν∂µ (2.3)
as the primary wave operator, then (2.3) defines the primary free field equation [41]
WµνA
ν = 0 (2.4)
– 3 –
based on this primary model, the most general Lagrangian density of the higher-order
extensions of Maxwell gauge theory is given by
S =
∫
d4xAµMµνA
ν (2.5)
here M is termed as wave operator which is a polynomial in the formal variable W
M = anW
n + ......+ a2W
2 + a1W + a0 (2.6)
and the equation of motion contains terms up to the 2n-th time derivative
n∑
l=0
alW
l
µνA
ν = 0 (2.7)
It is well known that the symmetry of a field theory plays a very significant role in
modern physics and it has been regarded as one of the most powerful tools to analyze the
behaviors of the physical gauge systems. In particular, the simplest possible and useful sym-
metry of the free field theory is the translation invariance which means that the translation
generators ∂µ commute with the primary wave operator in the form of
[∂µ,W ] = 0 (2.8)
this assumption implies that the derived theory (2.5) enjoys the following higher-order
symmetries
δεA
µ = εν∂ν(W
kA)µ, k = 0, 1, ..., n− 1 (2.9)
especially, k = 0 corresponds to the spacetime translations invariance of the action of the
derived model. Now the Noether’s theorem tells us that each continuous symmetry of the
action (2.9) determines a conserved quantity [40, 41]
∂µ(Θ
k)µν = (∂ν(W
kA)µ)(MA)µ (2.10)
in the above expression, we obtain n independent conserved tensors and the k = 0 term
corresponds to the Noether’s canonical energy-momentum tensors, while the other k ≥ 1
terms are different conserved tensors connected to the higher-order symmetries of the gauge
fields Aµ.
To find out the explicit expressions of (Θk)µν , at first, a simple calculation shows that
(W kA)µ = k−1∂ρFρµ, k ≥ 1 (2.11)
for convenience, we define
−1∂ρFρµ := Aµ (2.12)
thus in this way, the dynamical equation of motion (2.7) turns out to be
n∑
l=0
all−1∂µFµν = 0 (2.13)
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subsequently, if l = k in (2.10), it is easy to see that
(∂ν(W
kA)µ)(W kA)µ =
1
2
∂ν(k−1∂ρFρλk−1∂τF τλ) (2.14)
on the other hand, when l ≥ k + 1, in view of
∂ν∂
ρFρµ − ∂µ∂ρFρν = Fνµ (2.15)
there is no difficulty in evaluating
(∂ν(W
kA)µ)(W lA)µ
=(∂νk−1∂ρFρµ)l−1∂λF λµ
=kFνµl−1∂λF λµ + (k−1∂µ∂ρFρν)l−1∂λF λµ
=∂λ(kFνµl−1F λµ)− (k∂λFνµ)l−1F λµ + ∂µ(k−1∂ρFρνl−1∂λF λµ)
(2.16)
then making using of
∂λFνµ + ∂νFµλ + ∂µFλν = 0 (2.17)
and taking into account of the symmetry among the indices λ, µ, we infer that
−(k∂λFνµ)l−1F λµ = 1
2
(k∂νFµλ)l−1F λµ (2.18)
at this stage, if l = k + 1 we are thus led to
1
2
(k∂νFµλ)kF λµ =
1
4
∂ν(kFµλkF λµ) (2.19)
while l ≥ k+2, applying the general procedure of integration by parts together with (2.17),
we simply have
1
2
(k∂νFµλ)l−1F λµ
=
1
2
∂ν(kFµλl−1F λµ)− 1
2
kFµλl−1∂νF λµ
=
1
2
∂ν(kFµλl−1F λµ) +kFµλl−1∂µFνλ
=
1
2
∂ν(kFµλl−1F λµ) + ∂µ(kFµλl−1Fνλ)− (∂µkFµλ)l−1Fνλ
(2.20)
as well as
− (k∂µFµλ)l−1Fνλ
=− (k∂µFµλ)l−2(∂ν∂ρFρλ − ∂λ∂ρFρν)
=− ∂ν(k∂µFµλl−2∂ρFρλ) + (k∂ν∂µFµλ)l−2∂ρFρλ + ∂λ(k∂µFµλl−2∂ρFρν)
(2.21)
furthermore, using (2.15), after a straightforward computation we get
(k∂ν∂µFµλ)l−2∂ρFρλ
=(k+1Fνλ)l−2∂ρF ρλ + (k∂λ∂µFµν)l−2∂ρF ρλ
=∂ρ(k+1Fνλl−2F ρλ)− (k+1∂ρFνλ)l−2F ρλ + ∂λ(k∂µFµνl−2∂ρF ρλ)
=∂ρ(k+1Fνλl−2F ρλ) +
1
2
k+1∂νFλρl−2F ρλ + ∂λ(k∂µFµνl−2∂ρF ρλ)
(2.22)
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comparing (2.20) to (2.22) and employing a recursive algorithm, we acquire the following
equation
1
2
(k∂νFµλ)l−1F λµ
=
l−k−2∑
i=0
(
1
2
∂ν(k+iFµλl−1−iF λµ) + 2∂µ(k+iFµλl−1−iFνλ)− ∂ν(k+i∂µFµλl−2−i∂ρFρλ)
+ 2∂µ(k+i∂λF λµl−2−i∂ρFρν)) +
1
2
l−1∂νF λρkFρλ
(2.23)
particularly, in the above derivation of (2.23), we have used the identities
l−k−2∑
i=0
∂ρ(k+1+iFνλl−2−iF ρλ) =
l−k−2∑
i=0
∂ρ(k+iF ρλl−1−iFνλ),
l−k−2∑
i=0
∂µ(k+i∂λFλνl−2−i∂ρF ρµ) =
l−k−2∑
i=0
∂µ(k+i∂λF λµl−2−i∂ρFρν)
(2.24)
According to these results, we are able to formulate the higher-order conserved tensors
in (2.10) in the form of
(Θk)µν =
n∑
l=k+1
al(t
k,l
1 )
µ
ν +
1
2
δµν ak(k−1∂ρFρλk−1∂τF τλ) +
k−1∑
l=0
al(t
k,l
2 )
µ
ν (2.25)
here
l = k + 1 : (tk,l1 )
µ
ν =kFνλkFµλ −
1
4
δµν (kFρλ)kF ρλ +k−1∂ρFρνk∂τF τµ,
l ≥ k + 2 : (tk,l1 )µν =kFνλl−1Fµλ −
1
4
δµν (kFρλ)l−1F ρλ +
l−k−2∑
i=0
(k+iFµλl−1−iFνλ
− 1
4
δµνk+iFρλl−1−iF ρλ +k+i∂λF λµl−2−i∂ρFρν
− 1
2
δµνk+i∂τF τλl−2−i∂ρFρλ) +k−1∂ρFρνl−1∂τF τµ
(2.26)
analogously, when l ≤ k − 1, after integration by parts
(∂ν(W
kA)µ)(W lA)µ = ∂ν((W
kA)µ(W lA)µ)− (W kA)µ∂ν(W lA)µ (2.27)
and taking a similar tactic in the case of l > k, it is not difficult to re-express the
(W kA)µ∂ν(W
lA)µ as total derivative terms which give rise to the exact expressions of
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(tk,l2 )
µ
ν , these are
l = k − 1 : (tk,l2 )µν =δµνk−1∂ρFρλk−2∂τF τλ −k−1Fνλk−1Fµλ +
1
4
δµν (k−1Fρλ)k−1F ρλ
−k−2∂ρFρνk−1∂τF τµ,
l ≤ k − 2 : (tk,l2 )µν =δµνk−1∂ρFρλl−1∂τF τλ −lFνλk−1Fµλ +
1
4
δµν (lFρλ)k−1F ρλ
−
k−l−2∑
i=0
(l+iFµλk−1−iFνλ − 1
4
δµνl+iFρλk−1−iF ρλ +l+i∂λF λµk−2−i∂ρFρν
− 1
2
δµνl+i∂τF τλk−2−i∂ρFρλ)−l−1∂ρFρνk−1∂τF τµ
(2.28)
2.2 Stability
Once obtained the explicit expressions of (Θk)µν , we wish to investigate the problem of
stability in (2.5) by introducing n independent parameters
β0, β1, ......, βn−1 (2.29)
and the total series of second-rank energy-momentum tensors of the derived theory under
current study reads as [40, 41]
Θµν (A, β) =
n−1∑
k=0
βk(Θ
k)µν (2.30)
this family of conserved tensors includes the canonical energy-momentum (Θ0)µν of the
derived model (2.5) when β0 = 1, β1 = ...... = βn−1 = 0, though it is always unbounded
and the other conserved quantities originate from the higher-order symmetries in the set
(2.9). In the light of this, the 00-component of this conserved tensor has the meanings
of the energy density of the higher derivative system and the total energy of the derived
theory is provided by the integral
E =
∫
d4xΘ00 (2.31)
as far as the issue of stability of the higher derivative model is concerned, our strategy is to
guarantee the positive definite of the total energy which can be achieved by the requirement
Θ00 ≥ 0.
In the present situation, choosing µ = ν = 0 in (2.25) and with the aid of metric
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gµν = diag(1,−1,−1,−1), it is possible to cast the 00-component of (Θk)µν in the form
(Θk)00 =−
1
4
n∑
l=k+1
alkFρλl−1Fρλ +
1
4
k−1∑
l=0
allFρλk−1Fρλ
− 1
2
n∑
l=k+2
l−k−2∑
i=0
al(
1
2
k+iFρλl−1−iFρλ −k+i∂µFµλl−2−i∂ρFρλ)
+
1
2
k−2∑
l=0
k−l−2∑
i=0
al(
1
2
l+iFρλk−1−iFρλ −l+i∂µFµλk−2−i∂ρFρλ)
+
n∑
l=k+1
alk−1∂ρFρ0l−1∂τF τ0 +
k−1∑
l=0
alk−1∂ρFρλl−1∂τF τλ
−
k−1∑
l=0
all−1∂ρFρ0k−1∂τF τ0 +
1
2
ak(k−1∂ρFρλk−1∂τF τλ)
(2.32)
notice that using the equations of motion (2.13) and setting ν = 0, we have
n∑
l=k+1
all−1∂τF τ0 = −akk−1∂τF τ0 −
k−1∑
l=0
all−1∂τF τ0 (2.33)
inserting this relation back into (Θk)00, one can check that the last four terms in (2.32) could
be rewritten as follows
−
k−1∑
l=0
alk−1∂ρFρλl−1∂τFτλ − 1
2
ak(k−1∂ρFρλk−1∂τFτλ) (2.34)
which permits us to express the total energy density in a more concise and compact way
Θ00 =
n−1∑
k=0
βk(Θ
k)00 =
n−1∑
i,j=0
(Aij(a, β)iFρλjFρλ +Bij(a, β)i∂ρFρλj∂τFτλ) (2.35)
here Aij(a, β), Bij(a, β) are polynomial functions of the variables al, βk which can be deter-
mined from (2.30),(2.32) and (2.34). Inspecting the above formulas, we observe that the 00-
component of the energy density is a quadratic form of the formal variables iFρλ,i∂ρFρλ,
therefore Θ00 is positive if
Aij(a, β), Bij(a, β) are all positive definite matrices (2.36)
in other words, once the coefficients al and parameters βk satisfy these positive definite con-
ditions, the original free Abelian derived theory (2.5) admits bounded conserved quantities
which thus is considered stable, though its canonical energy is unbounded from below.
3 Root decompositions
It is well known that every polynomial in principle can be formulated in terms of its roots
and in this section, we want to establish the relations between the conserved tensors and
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the structure of roots of characteristic polynomial of the higher derivative Maxwell derived
theory. In fact, under certain assumptions about the roots, it is possible to obtain the
bounded 00-component of the conserved quantities which may not been seen directly from
the general expression (2.6). In order to do so, we suppose the wave operator of the derived
theory has the following decomposition structure
M =
n∑
l=0
alW
l =
p∏
i=1
(W − λi)pi
q∏
j=1
(W 2 − (ωj + ω¯j)W + ωjω¯j)qj (3.1)
without loss of generality, we assume an = 1 and the numbers λi, ωj , ω¯j label different real
roots and complex roots. In addition, the numbers pi, qj are the corresponding multiplicities
and the indices p, q satisfy the condition
p∑
i=1
pi + 2
q∑
j=1
qj = n (3.2)
3.1 Real roots case
Based on the above decomposition, firstly for every real root λi and complex conjugate
roots ωj , ω¯j , it is useful to define the new dynamic fields to absorb the higher derivatives of
the original fields
ξk =
p∏
i=1,
i6=k
(W − λi)pi
q∏
j=1
(W 2 − (ωj + ω¯j)W + ωjω¯j)qjA,
ηk =
p∏
i=1
(W − λi)pi
q∏
j=1,
j 6=k
(W 2 − (ωj + ω¯j)W + ωjω¯j)qjA
(3.3)
by this construction, when the original fields Aµ are subject to the higher derivative field
equations (2.7), these new component fields of course fulfill the lower-order derived equations
(W − λi)piξi = 0, (W 2 − (ωj + ω¯j)W + ωjω¯j)qjηj = 0 (3.4)
for i = 1, 2, ..., p and j = 1, 2, ..., q. Moreover, we observe that these dynamic equations also
come from the following action functional
S =
∫
d4x
 p∑
i=1
ξi(W − λi)piξi +
q∑
j=1
ηj(W
2 − (ωj + ω¯j)W + ωjω¯j)qjηj
 (3.5)
at this point, it is an easy exercise to show that the relations (3.3) allow us to establish
one-to-one correspondence between the solutions to the higher derivative Maxwell gauge
theory (2.5) and the lower-order dynamical system (3.5). In other words, these two systems
are equivalent and can be viewed as two different representations of the same theory which
are usually called A- and ξiηi-representations.
On the other hand, noting that all the fields ξi, ηj are independent degrees of freedom
which means the action functional S possesses the following variational symmetries
δεξi = ε
µ∂µ(W − λi)kξi, k = 0, 1, ..., pi − 1 (3.6)
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for ξi and under this condition, it immediately follows that the spacetime translation in-
variance of the primary operator W gives us a series of conserved tensors
∂µ(T
k
i )
µ
ν = ∂ν((W − λi)kξi)(W − λi)piξi, i = 1, 2, ..., p (3.7)
then a direct calculation leads to
∂ν((W − λi)kξi)(W − λi)piξi =
k∑
j=0
pi∑
l=0
Cjk(−λi)k−j∂νW jξiC lpi(−λi)pi−lW lξi (3.8)
making using of (2.25), we are able to formulate the second-rank conserved tensors (T ki )
µ
ν
in the form of
(T ki )
µ
ν (ξi) =
pi∑
l=0
(
l−1∑
j=0
CjkC
l
pi(−λi)k+pi−j−l(t˜j,l1 )µν +
k∑
j=l+1
CjkC
l
pi(−λi)k+pi−j−l(t˜j,l2 )µν )
+
1
2
pi∑
l=0
C lkC
l
pi(−λi)k+pi−2lδµν (l−1∂ρF˜ iρλl−1∂τ F˜ τλi )
(3.9)
for convenience, here we adopt the notations
(t˜j,l1 )
µ
ν = (t
j,l
1 )
µ
ν (ξi), (t˜
j,l
2 )
µ
ν = (t
j,l
2 )
µ
ν (ξi), F˜
i
ρλ = ∂ρξiλ − ∂λξiρ (3.10)
At this stage, let us pay attentions that upon substitution of (3.3) into (3.9), these
(T ki )
µ
ν are just the linear combinations of (Θk)µν in (2.25) and by this reason, it is more
convenient to utilize this description to deal with the issues of stability in original higher-
order derived theory. Furthermore, we remark here that a simple observation shows the
action functional is also equipped with the symmetries
δεξi = ε
µ∂µ(W
kξi) (3.11)
and following the same procedure employed above, one can simplify the conserved tensors
as
(T ki )
µ
ν (ξi) =
pi∑
l=k+1
C lpi(−λi)pi−l(t˜k,l1 )µν +
k−1∑
l=0
C lpi(−λi)pi−l(t˜k,l2 )µν
+
1
2
Ckpi(−λi)pi−kδµν (k−1∂ρF˜ iρλk−1∂τ F˜ τλi )
(3.12)
3.2 Complex roots case
In a similar way, for the fields ηj , we have the following independent higher-order symmetry
transformations
δεηj = ε
µ∂µ(W
kηj) (3.13)
which are parameterized by the indices k = 0, 1, ..., 2qj − 1. In analogy to the previous
discussions, it is evident to see that the corresponding conserved quantities satisfy
∂µ(U
k
j )
µ
ν =∂ν(W
kηj)(W
2 − (ωj + ω¯j)W + ωjω¯j)qjηj
=
qj∑
r,s=0
Cr,sqj ∂ν(W
kηj)W
2r(−ωj − ω¯j)sW s(ωjω¯j)qj−r−sηj
(3.14)
– 10 –
here
Cr,sqj =
qj !
r!s!(qj − r − s)! (3.15)
as a consequence, utilizing (2.25), the explicit expressions of the second-rank conserved
tensors associated with complex roots take the form of
(Ukj )
µ
ν (ηj) =
∑
2r+s>k
Cr,sqj (−ωj − ω¯j)s(ωjω¯j)qj−r−s(tk,2r+s1 )µν (ηj)
+
∑
2r+s<k
Cr,sqj (−ωj − ω¯j)s(ωjω¯j)qj−r−s(tk,2r+s2 )µν (ηj)
+
1
2
∑
2r+s=k
Cr,sqj (−ωj − ω¯j)s(ωjω¯j)qj−r−sδµν (k−1∂ρF¯ jρλk−1∂τ F¯ τλj )
(3.16)
here we use F¯ jρλ = ∂ρηjλ − ∂ληjρ.
To this end, once the conserved tensors for the real and complex roots are known, by
introducing two collections of parameters
βri , i = 0, ..., pi − 1, r = 1, ..., p, γsj , j = 0, ..., qj , s = 1, ..., q (3.17)
and summarizing all of these results together, the total conserved tensors of the lower-order
action functional (3.5) can be expressed as
Θµν =
p∑
i=1
pi−1∑
r=0
βri (T
r
i )
µ
ν (ξi) +
q∑
j=1
2qj−1∑
s=0
γsj (U
s
j )
µ
ν (ηj) (3.18)
with this result in hand, there is no difficulty in obtaining the conserved tensors of the
original derived theory by inserting (3.12) and (3.16) into (3.18). Now in the consideration
of the stability of the higher derivative system, the positive 00-component is relevant. In
view of the independent of the fields ξi and ηj , when µ = ν = 0, the positive condition can
be met only if the parameters βri , γ
s
j fulfill
pi−1∑
r=0
βri (T
r
i )
0
0(ξi) ≥ 0,
2qj−1∑
s=0
γsj (U
s
j )
0
0(ηj) ≥ 0 (3.19)
for any solutions of ξi and ηj . Therefore, we conclude that the derived theory is stable if
and only if all the component fields are stable.
4 Third-order derived theory
An instructive example to illustrate the spirit in previous section is the third-order de-
rived theory which has a three-parameter family of conserved tensors. The behavior of
00-component of the conserved tensors in such model strongly relies on the structure of the
roots of the characteristic polynomial
z3 + a2z
2 + a1z + a0 = 0 (4.1)
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in what follows, we consider the ansatz for different situations of the root decomposition
in the third-order equation (4.1). At first, for simplicity we restrict ourselves to the case
where the polynomial possesses three different real roots λi, or in other words, the wave
operator (2.6) is decomposed as follows
M = (W − λ1)(W − λ2)(W − λ3) (4.2)
obviously, such situation corresponds to
p = 3, q = 0, pi = 1 (4.3)
in (3.1) and for every real root λi, it is convenient to define the auxiliary fields ξi
ξ1 = (W − λ2)(W − λ3)A, ξ2 = (W − λ1)(W − λ3)A, ξ3 = (W − λ1)(W − λ2)A
(4.4)
which provide the relations
(W − λ1)ξ1 = 0, (W − λ2)ξ2 = 0, (W − λ3)ξ3 = 0 (4.5)
then according to (3.12), we acquire the following second-rank conserved tensors
(Ti)
µ
ν (ξi) = (t
0,1
1 )
µ
ν (ξi)−
1
2
λiδ
µ
ν ξiρξ
ρ
i
(4.6)
and taking advantage of (2.26), it is not hard to write down
(t0,11 )
µ
ν (ξi) =F˜
i
νλF˜
µλ
i −
1
4
δµν F˜
i
ρλF˜
ρλ
i + ξiν∂τ F˜
τµ
i
(4.7)
due to the relations (4.4), the equations of motion for ξi turn out to be
∂ρF˜
ρ0
i − λiξ0i = 0 (4.8)
with the aid of these equalities and in view of the metric gµν = diag(1,−1,−1,−1), it is
helpful for us to simplify the (Ti)00 in the form of
(Ti)
0
0(ξi) = −
1
4
F˜ iµνF˜
i
µν +
1
2
λiξiρξiρ (4.9)
in this manner, the 00-component of the linear combination of (Ti)00 is given by
T 00 =
3∑
i=1
βi(−1
4
F˜ iµνF˜
i
µν +
1
2
λiξiρξiρ) (4.10)
now under the assumption
βi < 0, λi < 0, i = 1, 2, 3 (4.11)
the contributions of all the component fields are positive which allow us to confirm the
stability of the higher derivative Abelian gauge system defined by the third-order wave
operator.
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Next, let us suppose the third-order equation has the simple real root λ1 and real root
λ2 of multiplicity of 2
M = (W − λ1)(W − λ2)2 (4.12)
which corresponds to the case of
p = 3, p1 = 1, p2 = 2, q = 0 (4.13)
in (3.1) and analogously, we define the following auxiliary fields
ξ1 = (W − λ2)2A, ξ2 = (W − λ1)A (4.14)
which yield the relations
(W − λ1)ξ1 = 0, (W − λ2)2ξ2 = 0 (4.15)
then by virtue of formula (3.12), the second-rank conserved tensors in current situation
have the form
(T1)
µ
ν (ξ1) =(t
0,1
1 )
µ
ν (ξ1)−
1
2
λ1δ
µ
ν ξ1ρξ
ρ
1 ,
(T 02 )
µ
ν (ξ2) =− 2λ2(t0,11 )µν (ξ2) + (t0,21 )µν (ξ2) +
1
2
λ22δ
µ
ν ξ2ρξ
ρ
2 ,
(T 12 )
µ
ν (ξ2) =(t
1,2
1 )
µ
ν (ξ2) + λ
2
2(t
1,0
2 )
µ
ν (ξ2)− λ2δµν ∂ρF˜ρλ∂τ F˜ τλ
(4.16)
in the above expressions, the notations
Fρλ = ∂ρξ1λ − ∂λξ1ρ, F˜ρλ = ∂ρξ2λ − ∂λξ2ρ (4.17)
are adopted and after a straightforward calculation of (tk,li )
µ
ν in (2.26) and (2.28), we are
thus led to
(t0,21 )
µ
ν (ξ2) =F˜νλF˜µλ −
1
4
δµν F˜ρλF˜ ρλ + F˜µλF˜νλ −
1
4
δµν F˜ρλF˜ ρλ
+ ∂λF˜
λµ∂ρF˜ρν − 1
2
δµν ∂τ F˜
τλ∂ρF˜ρλ + ξ2ν∂τ F˜ τµ,
(t1,21 )
µ
ν (ξ2) =F˜νλF˜µλ −
1
4
δµνF˜ρλF˜ ρλ + ∂ρF˜ρν∂τ F˜ τµ,
(t1,02 )
µ
ν (ξ2) =δ
µ
ν ∂
ρF˜ρλξ
λ
2 − F˜νλF˜µλ +
1
4
δµν F˜ρλF˜
ρλ − ξ2ν∂τ F˜ τµ
(4.18)
for ξ2, by making use of the equations of motion from (4.15)
∂ρF˜ ρ0 − 2λ2∂ρF˜ ρ0 + λ22ξ02 = 0 (4.19)
we are capable of writing the 00-components of (T i2)00(ξ2) in a more compact form
(T1)
0
0(ξ1) = −
1
4
FµνFµν +
1
2
λiξ1ρξ1ρ,
(T 02 )
0
0(ξ2) = −
1
2
F˜µνF˜µν +
1
2
∂µF˜µρ∂
νF˜νρ +
1
2
λ2F˜µνF˜µν − 1
2
λ22ξ2ρξ2ρ,
(T 12 )
0
0(ξ2) = −
1
4
F˜µνF˜µν + λ2∂µF˜µρ∂νF˜νρ − λ22ξ2µ∂ρF˜ρµ +
1
4
λ22F˜µνF˜µν
(4.20)
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subsequently, by introducing a series of parameters β, β0 and β1, the total energy density
of the system is given by
T 00 =β(T1)
0
0 + β0(T
0
2 )
0
0 + β1(T
1
2 )
0
0
=β(−1
4
FµνFµν +
1
2
λ1ξ1ρξ1ρ)− 1
4
β1F˜µνF˜µν − 1
2
β0F˜µνF˜µν
+ (
1
2
λ2β0 +
1
4
λ22β1)F˜µνF˜µν + (
1
2
β0 + β1λ2)∂
µF˜µρ∂
νF˜νρ
− β1λ22ξ2µ∂ρF˜ρµ −
1
2
β0λ
2
2ξ2ρξ2ρ
(4.21)
it can be shown that for the field ξ1, we simply have
β < 0, λ1 < 0 (4.22)
to guarantee the stability of dynamics of ξ1 and for the field ξ2, to ensure the positive
definite of the quadratic form, it is better to choose
β1 < 0, β0 = −β1λ2, λ2 < 0 (4.23)
indeed, one can verify this assertion through the evaluation of the discriminant in the
quadratic form directly. Similarly, in the case of a pair of complex conjugate roots, the
linear combination of (U02 )00 and (U12 )00 will not give us a positive conserved tensor unless
the imaginary part of complex root is set to zero which turns out to be the case we discussed
above.
Finally, when the third-order equation possesses real root λ of multiplicity 3
M = (W − λ)3 (4.24)
which corresponds to the case of
p = 3, q = 0, p1 = 3 (4.25)
in (3.1). Then from (3.12), after a direct computation, it is not difficult to derive the explicit
formulae of the conserved tensors
(T 0)µν =3λ
2(t0,11 )
µ
ν − 3λ(t0,21 )µν + (t0,31 )µν −
1
2
λ3δµνAρA
ρ,
(T 1)µν =− 3λ(t1,21 )µν + (t1,31 )µν − λ3(t1,02 )µν +
3
2
λ2δµν ∂
ρFρλ∂τF
τλ,
(T 2)µν =(t
2,3
1 )
µ
ν − λ3(t2,02 )µν + 3λ2(t2,12 )µν −
3
2
λδµν∂ρFρλ∂τF τλ
(4.26)
taking into account of (2.26) and (2.28), the (tk,li )
µ
ν we need in present case can be worked
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out in the form of
(t0,31 )
µ
ν =Fνλ2Fµλ −
1
4
δµνFρλ2F ρλ + Fµλ2Fνλ −
1
4
δµνFρλ2F ρλ
+ ∂λF
λµ∂ρFρν − 1
2
δµν ∂τF
τλ∂ρFρλ +FµλFνλ
− 1
4
δµνFρλF ρλ +∂λF λµ∂ρFρν −
1
2
δµν∂τF τλ∂ρFρλ
+Aν2∂τF τµ,
(t1,31 )
µ
ν =Fνλ2Fµλ −
1
4
δµνFρλ2F ρλ +Fµλ2Fνλ −
1
4
δµνFρλ2F ρλ
+∂λF λµ∂ρFρν − 1
2
δµν∂τF τλ∂ρFρλ + ∂ρFρν2∂τF τµ,
(t2,31 )
µ
ν =2Fνλ2Fµλ −
1
4
δµν2Fρλ2F ρλ +∂ρFρν2∂τF τµ,
(t2,02 )
µ
ν =δ
µ
ν∂ρFρλAλ − FνλFµλ +
1
4
δµνFρλF ρλ − (FµλFνλ
− 1
4
δµνFρλF ρλ + ∂λF λµ∂ρFρν −
1
2
δµν ∂τF
τλ∂ρFρλ)−Aν∂τF τµ,
(t2,12 )
µ
ν =δ
µ
ν∂ρFρλ∂τF τλ −FνλFµλ +
1
4
δµνFρλF ρλ − ∂ρFρν∂τF τµ
(4.27)
and when expanding the operator (4.24), the equation of motion for the fields Aµ becomes
2∂ρF ρ0 − 3λ∂ρF ρ0 + 3λ2∂ρF ρ0 − λ3A0 = 0 (4.28)
under these constraints, the expressions of 00-components of conserved tensors are more
complicate
(T 0)00 =−
3
4
λ2FµνFµν +
3
2
λFµνFµν − 1
2
Fµν2Fµν − 1
4
FµνFµν
− 3
2
λ∂ρFρµ∂
τFτµ + ∂
ρFρµ∂τFτµ +
1
2
λ3AρAρ,
(T 1)00 =−
1
4
λ3FµνFµν +
3
4
λFµνFµν − 1
2
Fµν2Fµν +
1
2
∂ρFρµ∂τFτµ
− 3
2
λ2∂ρFρµ∂
τFτµ + λ
3Aρ∂
τFτρ,
(T 2)00 =−
1
4
2Fµν2Fµν +
3
4
λ2FµνFµν − 1
2
λ3FµνFµν +
1
2
λ3∂ρFρµ∂
τFτµ
+
3
2
λ∂ρFρµ∂τFτµ − 3λ2∂ρFρµ∂τFτµ + λ3Aµ∂τFτµ
(4.29)
then to fix the instability of the higher derivative system, we need parameters βi to enter
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the total energy density which can be illustrated as follows
T 00 =
2∑
i=0
βi(T
i)00
=− 1
4
β22Fµν2Fµν + (
3
4
λ2β2 +
3
4
λβ1 − 1
4
β0)FµνFµν − (3
4
λ2β0 +
1
4
λ3β1)FµνFµν
− 1
2
β0Fµν2Fµν + (
3
2
λβ0 − 1
2
λ3β2)FµνFµν − 1
2
β1Fµν2Fµν
+ (
1
2
β1 +
3
2
λβ2)∂ρFρµ∂τFτµ − (3
2
λβ0 +
3
2
λ2β1 − 1
2
λ3β2) ∂
ρFρµ∂
τFτµ
+
1
2
λ3β0AρAρ + (β0 − 3λ2β2)∂ρFρµ∂τFτµ + λ3β2Aµ∂τFτµ + λ3β2Aρ∂τFτρ
(4.30)
now T 00 is positive and bounded only if−14β2 −14β1 −14β0−14β1 34λ2β2 + 34λβ1 − 14β0 34λβ0 − 14λ3β2
−14β0 34λβ0 − 14λ3β2 −(34λ2β0 + 14λ3β1)

and  12β1 + 32λβ2 12(β0 − 3λ2β2) 12λ3β212(β0 − 3λ2β2) −(32λβ0 + 32λ2β1 − 12λ3β2) 12λ3β2
1
2λ
3β2
1
2λ
3β2
1
2λ
3β0

are all positive definite matrices.
5 Conclusion and discussion
In this paper, we investigate the stability of higher derivative Maxwell gauge field theo-
ries from the viewpoint of the n-parameter series of conserved quantities. These conserved
quantities can be derived from the higher-order symmetries by the extension of Noether’s
theorem if there exists some linear operators commute with the primary wave operator.
In particular, we obtain n independent second-rank conserved tensors which are connected
with the spacetime translation invariance of the action functional and the linear combina-
tion of these conserved tensors contains the standard canonical energy-momentum tensors.
As a matter of fact, the existence of these additional conserved quantities can be seen as a
consequence of the so-called Lagrange anchor which may be traced back to the quantization
of not necessarily Lagrangian dynamics [47]. In the context of general Lagrangian system
or not, the Lagrange anchor maps the conserved quantities to symmetries for the field equa-
tions [48]. More importantly, it should be emphasized that usually the Lagrange anchor is
not unique in higher derivative systems and once the dynamic equations are equipped with
multiple Lagrange anchors, the same symmetry can be linked to different conserved quanti-
ties. Moreover, in non-Lagrangian system, the Lagrange anchor gives us a new insight into
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the description of the higher derivative dynamic systems. Indeed, when the field equations
admit different Lagrange anchors, the inequivalent ones will give rise to the canonically in-
equivalent Poisson brackets, therefore the theory turns out to be multi-Hamiltonian in the
first-order formulation [49]. Especially in the derived theories, a suitable choice of parame-
ters brings the corresponding Hamiltonian bounded from below and this classical stability
can be promoted to the quantum level which implies the bounded spectrum of energy in
quantum theory. Finally, the Lagrange anchor also allows us to systematically add consis-
tent interactions into field equations of motion by proper deformation method [50] and in
this sense, the conserved tensors in coupling system are regarded as the deformations of the
conserved quantities in free case. It was demonstrated that if the anchor connects the sym-
metry with the bounded quantity, the system remains stable upon inclusion of consistent
interactions. In the class of derived theories, generally speaking, the vertices of stable inter-
actions are always non-Lagrangian but they can still admit quantization once appropriate
Lagrange anchor is applied. All of these would be interesting to exploit in future.
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